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Abstract
In this paper we compute the distributions of various markings on smooth cubic surfaces defined
over the finite field Fq, for example the distribution of pairs of points, ‘tritangents’ or ‘double sixes’.
We also compute the (rational) cohomology of certain associated bundles and covers over complex
numbers.
1 Introduction
The classical Cayley–Salmon theorem implies that each smooth cubic surface over an algebraically closed
field contains exactly 27 lines (see Section 2 for detailed definitions). In contrast, for a surface over a
finite field Fq, all 27 lines are defined over Fq but not necessarily over Fq itself. In other words, the
action of the Frobenius Frobq permutes the 27 lines and only fixes a (possibly empty) subset of them. It
is also classical that the group of all such permutations, which can be identified with the Galois group
of an appropriate extension or cover, is isomorphic to the Weyl group W (E6) of type E6.
This permutation of the 27 lines governs much of the arithmetic of the surface S: evidently the
pattern of lines defined over Fq and, less obviously, the number of Fq points on S (or UConf
n S etc).
Work of Bergvall and Gounelas [BG19] allows us to compute the number of cubic surfaces over Fq
where Frobq induces a given permutation, or rather a permutation in a given conjugacy class of W (E6).
The results in this paper can be thought of as a combinatorial (Theorem 1.1) or representation-theoretic
(Theorem 2.3) reinterpretation of their computation.
Theorem 1.1. Over the finite field Fq, the number of smooth cubic surfaces on whose 27 lines Frobq acts
by a given conjugacy class of W (E6) is as in Table 1.
It is worth noting how this relates to the distribution predicted by the Cebotarev density theorem:
for a fixed smooth cubic surface defined over Z, the conjugacy class of Frobp acting on the 27 lines
of the mod p reduction is distributed (as p → ∞) proportional to the sizes of the conjugacy classes.
Theorem 1.1, on the other hand, describes for each fixed q the distribution over all smooth cubic surfaces
defined over Fq. The asymptotic distribution as q→∞ is still proportional to the size of the conjugacy
class (with the normalization factor in Table 1, this corresponds to the polynomials listed each being
monic); this is a relatively easy application of the Grothendieck–Lefschetz trace formula for twisted
coefficients (see Section 2.1).
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Table 1: The number of cubic surfaces over Fq on whose 27 lines Frobq acts by a given conjugacy class
of W (E6). The factors in the second column are to normalize to a degree 4 monic polynomial in q (and
come up naturally in the representation theoretic setup, see Section 2.1). Some of these factors appear
in later tables for the same reasons. The third column lists q for which the count in the second column
vanishes. See Section 3 for the notation used for conjugacy classes.
Conjugacy class c
#{S|Frobq,S ∼ c}
#PGL(4,Fq)
×
#W (E6)
#c
#{S|Frobq,S ∼ c} =∅ for q =
(16) (q− 2)(q − 3)(q − 5)2 2,3,5
(12, 22) (q+ 1)2(q− 2)(q − 3) 2,3
(1−2, 24) (q− 2)(q − 3)(q2 − 2q− 7) 2,3
(13, 3) q(q+ 1)(q2 − q+ 1)
(1−3, 33) (q+ 1)2(q2 + q− 3)
(32) (q− 2)(q3 − q2 − 2q− 6) 2
(12, 2−2, 42) (q+ 1)3(q− 2) 2
(2,4) (q+ 1)(q − 2)(q2 + 1) 2
(1,5) q2(q2 + 1)
(1,2,3−1, 6) q(q+ 1)(q2 + q− 1)
(1−1, 22, 3) q(q+ 1)(q2 − q+ 1)
(1−2, 2, 6) q(q− 2)(q2 + q+ 2) 2
(1,2−2, 3−1, 62) (q+ 1)(q3 − 2q2 + 2q− 3)
(3−1, 9) q(q+ 1)(q2 − q+ 1)
(1−1, 2, 3,4−1, 6−1, 12) (q+ 1)2(q2 − q+ 1)
(14, 2) q(q− 1)(q2 − 4q+ 5)
(23) q(q− 1)(q2 − 3)
(12, 4) q(q+ 1)2(q− 1)
(1−2, 22, 4) q(q− 1)3
(1,2,3) q(q− 1)(q2 − q− 1)
(1−2, 2, 32) q(q− 1)(q2 + 2q+ 2)
(6) q3(q− 1)
(2,4−1, 8) q(q+ 1)(q2 + 1)
(1−1, 2, 5) q2(q+ 1)(q − 1)
(1,2−1, 3−1, 4, 6) q(q− 1)(q2 + q+ 1)
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Table 2: The number of cubic surfaces over Fq with a given number of points.
t #{S(Fq) = q
2 + tq+ 1} ×
#W (E6)
#PGL(4,Fq)
−2 80(q2 + q− 3)(q + 1)2
−1 45(77q4 − 43q3 + 45q2 − 181q − 42)
0 432(27q3 − 17q2 + 5q+ 10)(q + 1)
1 60(347q4 − 51q3 + 27q2 + 161q − 12)
2 144(91q4 − 5q3 + 36q2 − 35q − 15)
3 270(9q2 − 13q+ 2)(q + 1)2
4 240(q2 − q+ 1)(q+ 1)q
5 36(q2 − 4q+ 5)(q− 1)q
7 (q− 2)(q− 3)(q − 5)2
It also follows from the trace formula that a cubic surface over Fq contains q
2+ tq+1 points, where
t is the trace of Frobq on an appropriate representation of W (E6) (specifically, V1 ⊕ V6 in the notation
of Section 3). Adding up the counts for a given t, we get the number of surfaces containing a given
number of points.
Corollary 1.2. Over the finite field Fq, the number of smooth cubic surfaces with q
2+ tq+1 points is given
by Table 2.
In particular, a cubic surface for a pair (t,q) exists unless the polynomial listed in Table 2 vanishes
at q (i.e. unless t = 7 and q = 2,3,5). These pairs were known before, by [Swi10] and [BFL18], but the
exact number of surfaces were not. We can also do this for each conjugacy class individually (as in the
third column of Table 1) and recover more recent results of Loughran and Trepalin [LT18].
Corollary 1.3 ([LT18, Theorem 1.1]). Other than the following exceptions, over every prime power q,
every conjugacy class of W (E6) occurs as the class of Frobq acting on the lines of some cubic surface:
• the conjugacy class (16) (i.e. identity) does not appear for q = 2,3,5;
• the conjugacy classes (12, 22) and (1−2, 24) do not appear for q = 2,3;
• the conjugacy classes (32), (1−2, 22, 4), (2,4) and (1−2, 2, 6) do not appear for q = 2.
Just like the number of lines, the intersection pattern of pairs of lines is fixed over Fq. Once we
know how Frobq acts on the set of lines on S, we can determine how many sets of lines with a given
intersection pattern is fixed by Frobq (and hence is defined over Fq). Since we know the distribution of
conjugacy classes of Frobq, this allows us to compute the distribution of that intersection pattern over
all S defined over Fq. Similarly, we can also find the distribution of number of Fq points on Sym
n S or
UConfn S. Two such examples are listed in Table 3 (tritangents), and Table 4 (unordered pairs of points).
The paper of Bergvall–Gounelas computes theS6-equivariant point counts of smooth cubic surfaces
[BG19, Table 1], i.e. the analogue of Table 1 for S6 < W (E6). This determines H
∗
ét
(X (Fq;Qℓ) (see
Section 2 and Theorem 2.1) as S6 representations and leaves finitely many possibilities asW (E6) repre-
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sentations. They then use various constraints on the W (E6)-equivariant point counts (for example that
each entry in Table 1 must be non-negative for each q) to reduce to a single possibility.
Our paper fully explores the point-count implications of this computation. Further, we use their
computation of cohomology, along with some facts from [Das19] to compute the singular cohomology
of the moduli space of smooth cubic surfaces with certain marked patterns of lines and points as W (E6)
representations. For the precise statement, see Theorem 2.3 and the preceding definitions.
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2 Marking points and lines on cubic surfaces
Denote the ordered configuration space of n points on a space X by
PConfn X :=
¦
(x1, . . . , xn) ∈ X
n
 x i 6= x j for i 6= j
©
.
The unordered configuration space of n points on X is the quotient by the action of the symmetric group
Sn permuting the n points, and will be denoted by
UConfn X := PConfn X/Sn .
A cubic surface S ⊂ P3 is defined by a homogeneous cubic polynomial F in 4 variables. Accordingly,
the space of cubic surfaces is the projectivization P19 of the affine space of homogeneous cubic polyno-
mials in 4 variables. The cubic surface S is smooth if its defining polynomial F is smooth, i.e. its partials
do not simultaneously vanish on S.
The subspace of non-smooth or singular cubic surfaces is a closed set Σ, given by a ‘discriminant’
polynomial (with integer coefficients) in the coefficients of F . We will denote the complement, the
space of smooth cubic surfaces, by
X = P19 \Σ .
Thus X is an algebraic variety defined over Z.
According to the classical theorem of Cayley and Salmon, a smooth cubic surface over C contains 27
lines. This corresponds to a degree 27 cover of X (C) given by the incidence variety of lines ℓ ∈ Gr(2,4)
(the Grassmannian of lines in P3) and cubic surfaces S ∈ X (see [Das18]). This cover is not Galois; its
Galois group is W (E6), the Weyl group of type E6 (see [Man86; Har79]). More precisely, this is the
subgroup of S27 permuting the lines that preserves the set of intersecting pairs of lines. Explicitly, let
R ⊂ {1, . . . , 27}2 be the set of intersecting pairs of lines for some fixed S0 ∈ X . Then the Galois cover is
Y =
¦
(S, L1, . . . , L27)
 Li ⊂ S, Li ∩ L j 6=∅ iff (i, j) ∈ R
©
⊂ X × PConf27Gr(2,4) .
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Note that Y is an algebraic variety over X and, by above, Y (C) → X (C) is a Galois cover with Galois
group W (E6)
∼= Stab(R) < S27. This finite subgroup is of order 51840 and has a simple subgroup of
index 2; we describe some of its representation theory in Section 3.
There are also actions of PGL(4) = Aut(P3) on X and on Y such that the covering map is equivariant.
Both the actions over C have closed orbits and finite stabilizers, which are subgroups of W (E6).
In the following, the summands on the right denote irreducible representations ofW (E6), for details
and the notation see Section 3 and Table 7. In particular, Vd or Ud has dimension d and V1 is the trivial
representation.
Theorem 2.1 ([BG19, Theorem 1.2]). Let H i = H i(Y (C)/PGL(4,C);Q). Then as representations of
W (E6):
H0 = V1 ;
H1 = V15,2 ;
H2 = V81 ;
H3 = V15,1 ⊕ U80 ⊕ U90 ;
H4 = V30 ⊕ V
′
30
⊕ U10 ⊕ U80 .
For dimensional reasons, H i = 0 for other i.
This is sufficient to determine H∗(Y (C);Q) as aW (E6) representation since it follows from the work
of Peters and Steenbrink [PS03] that
H∗(Y (C);Q) ∼= H∗(Y (C)/PGL(4,C);Q)⊗ H∗(PGL(4,C);Q) ,
where the action on PGL(4,C) (and its cohomology) is trivial.
A subgroup G <W (E6) corresponds to an intermediate cover Y /G→ X . These often also correspond
to marking a (labeled) subset of lines on S ∈ X , when G is the (pointwise) stabilizer of such a set. For
example, marking one line L corresponds to Stab(L) ∼=W (D5) (see [Das18]), and marking a ‘tritangent’
T corresponds to Stab(T ) ∼= W (F4) (see [Nar82]). Note that Y = Y /{1} and X = Y /W (E6) are the
‘trivial’ examples.
We denote the incidence variety of points in P3 and S ∈ X by
U :=

(S, p)
 p ∈ S
	
⊂ X × P3 .
Then U → X is the ‘universal family’ of smooth cubic surfaces and U(C) is a fiber bundle over X (C) with
fiber S ⊂ P3(C) over S ∈ X (C) (see [Das19]). We can also construct various associated spaces over X :
Π
n
X
U with fiber Sn, Symn
X
U with fiber Symn S, PConfn
X
U with fiber PConfn S, etc.
Finally, we can combine the two constructions above by taking more fiber products over X , for
instance:
(Y /W (D5))×X (Π
2
X
U) =

(S, L, p1, p2)
 L ⊂ S, pi ∈ S
	
⊂ X ×Gr(2,4)× (P3)2 .
Of course,
(Y /G)×X U = (Y ×X U)/G ,
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where the action of G ⊂ W (E6) on U is trivial, and similarly for (Y /G) ×X (Π
n
X
U) etc. It is worth
noting that in these examples there is no enforced relation between the points and the lines marked, in
particular we do not insist that pi ∈ L.
Remark 2.2. We should not expect the results and techniques of this paper to apply if we do insist e.g.
that pi ∈ L. For one, the space

(S, L, p)
 p ∈ L ⊂ S
	
⊂ (X ×Gr(2,4)× P3)(C)
is not a fiber bundle over X (C) (due to the existence of Eckardt points, i.e. triple intersections of lines,
on some special S ∈ X ).
The bundles U → X and the associated constructions each have monodromy: H∗(S) is a π1(X ,S)
representation. However, the monodromy representation factors through W (E6) (see Eq. (2.4) for an
explicit description of the representation) and consequently in the pullback bundle Y ×X U → Y the
monodromy action of π1(Y ) on H
∗(S) is trivial. The same holds for Y ×X (Π
n
X
U) etc.
Theorem 2.3. Let Z be Πn
X
U or Symn
X
U. Let F be the fiber of Z(C) → X (C) over S (i.e. Sn or Symn S
respectively). Then
H∗((Y ×X Z)(C);Q)
∼= H∗(Y (C);Q)⊗H∗(F ;Q)
as both W (E6)-representations and mixed Hodge structures.
Proof. We will suppress the field C for brevity. In the quotient Πn
X
U → Symn
X
U , the Sn action on Y and
hence H∗(Y ) is trivial. Thus by transfer, it is enough to restrict to the cases Πn.
Since we noted the monodromy π1(Y ) : H
∗(F) is trivial, the associated Serre spectral sequence
converging to H∗(Y ×X Z;Q) has E2 page
E
p,q
2
∼= H p(Y ;Q)⊗Hq(F ;Q) .
It is then enough to show that this spectral sequence degenerates immediately. Since H∗(F) = H∗(Sn) ∼=
H∗(S)⊗n, and the differentials satisfy the Leibniz rule, we reduce to the n = 1 case. Note that the
differentials in these spectral sequences must be W (E6)-equivariant, since the respective bundles are.
To describe H∗(S) as a W (E6)-representation, identify S as the blowup of P
2 at 6 points, with the
exceptional divisors constituting 6 of the 27 lines. It follows that H2(S) is generated by the canonical
class of S and the classes of these 6 lines, and implies that as W (E6) representations,
H2(S;Q) ∼= V1 ⊕ V6 . (2.4)
But there is no copy of the irreducible fundamental representation V6 in E
2,1 = 0 or E3,0 ∼= H3(Y ;Q).
Thus it remains to show that the differentials vanish on the W (E6)-invariant classes in H
∗(S), or equiv-
alently (by transfer) that the differentials in the Serre spectral sequence for the bundle U → X vanish.
The latter is shown in the proof of Corollary 1.5 in [Das19].
Corollary 2.5. For Z and F as above, and G <W (E6),
H∗((Y /G)×X Z)
∼= (H∗(Y (C);Q)⊗H∗(F ;Q))G .
In particular, taking G =W (E6),
H∗(Z) ∼= (H∗(Y (C);Q)⊗H∗(F ;Q))W (E6) = H∗(Y (C);Q)⊗W (E6) H
∗(F ;Q) .
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Thus these computations reduce to elementary representation theory, namely character theory. For
convenience, a character table of W (E6) is reproduced in Table 7.
2.1 The Grothendieck–Lefschetz trace formula and point counts
The varieties above are all smooth and quasiprojective. Therefore their points counts over the finite field
Fq can be obtained from the action of Frobq on their étale cohomology via the Grothendieck–Lefschetz
trace formula:
#Z(Fq) = q
dim Z
∑
i≥0
(−1)i Tr(Frobq : H
i
ét
(Z(Fq);Qℓ)
∨) .
This formula holds for a smooth Z and a prime ℓ not dividing q.
The Cayley–Salmon theorem holds over any algebraically closed field, in particular Fq. The identifi-
cation of the Galois group of Y → X withW (E6) implies that if S is defined over Fq, then Frobq permutes
the 27 lines by some element of W (E6) < S27. We denote this by Frobq,S . This also determines how
Frobq acts on H
∗
ét
(S) as follows.
Recall that a smooth cubic surface S is the blowup of P2 at 6 points and
H2(S;Q) ∼= V1 ⊕ V6 . (2.6)
Since Frobq acts on H
2i
ét
(Pn(Fq)) by the scalar q
−i , we deduce that Frobq acts on H
0(S) as identity, on
H2(S) by the action of q−1 · Frobq,S ∈ Q[W (E6)] on V1 ⊕ V6 and on H
4(S) by the scalar q−2. This also
proves Corollary 1.2. It remains to prove Theorem 1.1.
Remark 2.7. The action of Frobq on H
∗(S) determines the action of Frobq on H
∗(Sn) and H∗(Symn).
Totaro [Tot96] describes H∗(PConfn S) as the cohomology of a DGA generated by H∗(Sn) along with
classes in degree 3 which can be identified with the generator of H3(C2−0). This is enough to determine
the action of Frobq on H
∗(PConfn S) and, since this description is Sn equivariant, on H
∗(UConfn S). In
particular, the conjugacy class of Frobq,S determines the number of Fq points on S
n, Symn S, etc, again
via the Grothendieck–Lefschetz trace formula.
Proof of Theorem 1.1. We want to count points of X depending on the conjugacy class of Frobq inW (E6).
Thus we will apply a version of the Grothendieck–Lefschetz trace formula with local coefficients (see
e.g. [DL76, §3]), specifically for representations of π1(X ) that factor through the finite groupW (E6). By
transfer, this exactly corresponds to the cohomology of Y ; more explicitly, for a W (E6)-representation
V ,
H∗(X ;V ) ∼= H∗(Y ;Q)⊗Q[W (E6)] V .
To combine this with the Grothendieck–Lefschetz trace formula, we need knowledge of howW (E6) and
Frobq acts on H
∗
ét
(Y ).
Even though Theorem 2.1 is stated for singular cohomology of the complex points, the same results
hold (after tensoring with Qℓ) for H
∗
ét
(Y (Fq);Qℓ) for every q. Further, it is an important part of the
results of Bergvall–Gounelas in [BG19] that H∗(Y /PGL(4)) is minimally pure, i.e. that Frobq acts on H
i
ét
by the scalar q−i . In fact, the argument in [BG19] in some sense reverses the steps here, to go from
point count to etalé cohomology to singular cohomology.
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Equipped with this knowledge and using some linear algebra, one obtains
#
¦
S ∈ X
 Frobq,S ∈ c
©
= #PGL(4,Fq)
∑
i≥0
(−1)iq4−i


H i ,χc

W (E6)
where χc is the characteristic function of the conjugacy class c and H
i are as in Theorem 2.1. This formula
is enough to compute Table 1 and also explains the normalizing factors in its second column.
We can also state a point count version of Theorem 2.3. We already saw in Remark 2.7 that #Sn(Fq),
#PConfn S(Fq) etc only depend on Frobq,S. More elementary is the fact that the cardinality of the fiber
of Y /G → X over S ∈ X (Fq) is determined by Frobq,S for any G < W (E6), since this fiber is isomorphic
to W (E6)/G as a G-set. Thus we get the following statement whose proof is obvious.
Proposition 2.8. Let Z be Πn
X
U, Symn
X
U, PConfn
X
U or UConfn
X
U and G <W (E6). Let c be any conjugacy
class of W (E6) and set X c =
¦
S ∈ X (Fq)
 Frobq,S ∈ c
©
. For any S ∈ X c , let d = #(Y /G)S and let F be the
fiber of Z → X over S (i.e. Sn, Symn S, PConfn S or UConfn S respectively). Then
#

((Y ×X Z)/G)(Fq)×X (Fq) X c

= d × (#F)× (#X c) .
Since we know the distribution of Frobq,S, i.e. #X c for each c, we can find the distribution of d ×
#F . Two examples of such distributions are tabulated in Tables 3 and 4. Specifically, For Table 4,
H∗(UConf2(S);Q) as a W (E6) representation can be computed to be the following using the spectral
sequence in [Tot96]:
H0 ∼= V1 ; H
2 ∼= V1 ⊕ V6 ; H
4 ∼= V⊕21 ⊕ V6 ⊕ V20 ; H
i = 0 for other i .
Remark 2.9. It is possible to deduce Proposition 2.8 by applying the trace formula to Theorem 2.3 for
Z = Πn
X
U or Symn
X
U , and to the Serre spectral sequence of the bundle Y ×X Z → Y for Z = PConf
n
X
U or
Z = UConfn
X
U . The differentials in this spectral sequence are irrelevant for this, since the trace formula
uses an alternating sum of traces, similar to the Euler characteristic. We leave the details to experts.
3 Character table of W (E6)
In this section we explain our notation for the conjugacy classes and irreducible representations, borrow-
ing heavily from [Fra51]. The conjugacy classes will be denoted by “virtual cycle types” as determined
by their action on the 6-dimensional fundamental representation V6. In more detail, elements from differ-
ent conjugacy classes in W (E6) remain non-conjugate in the representation V6. Thus a conjugacy class
c can be identified by the action of any g ∈ c on V6, and since this action of {1, g, g
2, . . . } ∼= Z/n (i.e. n
is the order of g) is defined over Q, it can be decomposed as a (virtual) direct sum
⊕
d|n
Q[Z/d]⊕id .
Then we will denote the conjugacy class c by the tuple (d id )id 6=0. For example, the tuple
(1,2−2, 3−1, 62)
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Table 3: Distribution of tritangents over S ∈ X (Fq). The average is 1.
N
#W (E6)
#PGL(4,Fq)
×#

S
 S has N tritangents
	
0 576(38q3 − 5q2 + 5)q
1 540(39q4 + 3q3 + 3q2 − 3q− 10)
2 2160(q2 − q+ 1)(q + 1)q
3 240(17q4 − 25q+ 24)
4 1440(q2 + q− 1)(q + 1)q
5 270(q + 1)2(q− 2)(q − 3)
6 240(q2 − q+ 1)(q + 1)q
7 540(q2 − 3)(q − 1)q
9 80(q2 + q− 3)(q + 1)2
13 45(q2 − 2q− 7)(q − 2)(q − 3)
15 36(q2 − 4q+ 5)(q − 1)q
45 (q− 2)(q − 3)(q − 5)2
Table 4: Distribution of #UConf2(S) over S ∈ X (Fq). The average is q
2(q2 + q+ 2).
N
#W (E6)
#PGL(4,Fq)
×#

S
 #UConf2(S) = N
	
q4 − 2q3 + q2 80(q + 1)2(q2 + q− 3)
q4 − q3 + q2 2880q(q3 − 3)
q4 − q3 + 2q2 540q(q− 1)3
q4 − q3 + 4q2 45(q − 2)(q − 3)(q2 − 2q− 7)
q4 + q2 864(q + 1)(11q3 − 6q2 + 5)
q4 + 2q2 2160q(q + 1)(q2 − q+ 1)
q4 + q3 + q2 960(11q4 − 6q3 + 5q+ 6)
q4 + q3 + 2q2 3240(q + 1)(3q − 2)(q2 + 1)
q4 + q3 + 4q2 540q(q − 1)(q2 − 3)
q4 + 2q3 + q2 720(q + 1)(q3 − 2q2 + 2q− 3)
q4 + 2q3 + 2q2 4320q(q − 1)(q2 + q+ 1)
q4 + 2q3 + 3q2 5184q2(q2 + 1)
q4 + 2q3 + 4q2 2880q4
q4 + 3q3 + 4q2 540(q + 1)3(q− 2)
q4 + 3q3 + 6q2 1620q(q + 1)2(q− 1)
q4 + 3q3 + 8q2 270(q + 1)2(q− 2)(q− 3)
q4 + 4q3 + 10q2 240q(q + 1)(q2 − q+ 1)
q4 + 5q3 + 16q2 36q(q − 1)(q2 − 4q+ 5)
q4 + 7q3 + 28q2 (q− 2)(q − 3)(q− 5)2
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denotes a conjugacy class of order 6 whose elements act on V6 with eigenvalues (ζ,ζ,ζ
2,ζ4,ζ5,ζ5),
where ζ is a primitive 6th root of unity. We assure the reader that the tuples below do in fact represent
actual (i.e. not just virtual) representations of dimension 6, in particular they satisfy
∑
did = 6.
The groupW (E6) contains a simple subgroupW (E6)
+ of index 2. Call the conjugacy classes inW (E6)
that are contained in W (E6)
+ even, the others odd. In particular, (14, 2) is odd. Every irreducible char-
acter of W (E6) that does not remain irreducible upon restriction to W (E6)
+ vanishes on odd conjugacy
classes.
There are 5 such irreducible representations, and they have different dimensions, so we will denote
the one of dimension n by Un. On the other hand, every irreducible character χ of W (E6) that does
remain irreducible when restricted satisfies χ(14, 2) 6= 0. These occur in 10 pairs, differing in the sign of
the character on odd conjugacy classes (and hence by a tensor product with the sign representation V ′
1
pulled back from the non-trivial representation of the quotient W (E6)/W (E6)
+). Each pair is denoted
V and V ′ with subscripts, where V has χ(14, 2) > 0, and V ′ has χ(14, 2) < 0. Distinct pairs have
different dimensions, except two of the pairs have dimension 15. Hence we will denote them by Vn, V
′
n
for n = dim 6= 15, and V15,1, V
′
15,1
, V15,2, V
′
15,2
. A full list of the 25 irreducible representations and the
notation for them in other sources is listed in Table 6.
Finally, we include a character table of W (E6) as Table 7. To avoid redundancy, we omit the charac-
ters of the representations denoted V ′
n
, these can be obtained by taking the character of the correspond-
ing character Vn and negating the values on the odd conjugacy classes.
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Table 5: Conjugacy classes of W (E6)
Notation for the class c Properties of c and g ∈ c
This paper [CCN+85] [Swi67] ord g #c #Z(g)
e
v
e
n
c
l
a
s
s
e
s
:
g
∈
W
(
E
6
)
+
(16) 1A C1 1 1 51840
(12, 22) 2B C2 2 270 192
(1−2, 24) 2A C3 2 45 1152
(13, 3) 3D C6 3 240 216
(1−3, 33) 3A, 3B C11 3 80 648
(32) 3C C9 3 480 108
(12, 2−2, 42) 4A C4 4 540 96
(2,4) 4B C5 4 3240 16
(1,5) 5A C15 5 5184 10
(1,2,3−1, 6) 6C, 6D C7 6 1440 36
(1−1, 22, 3) 6F C8 6 2160 24
(1−2, 2, 6) 6E C10 6 1440 36
(1,2−2, 3−1, 62) 6A, 6B C12 6 720 72
(3−1, 9) 9A, 9B C14 9 5760 9
(1−1, 2, 3,4−1, 6−1, 12) 12A, 12B C13 12 4320 12
o
d
d
c
l
a
s
s
e
s
:
g
/
∈
W
(
E
6
)
+
(14, 2) 2C C16 2 36 1440
(23) 2D C17 2 540 96
(12, 4) 4D C18 4 1620 32
(1−2, 22, 4) 4C C19 4 540 96
(1,2,3) 6G C21 6 1440 36
(1−2, 2, 32) 6H C22 6 1440 36
(6) 6I C23 6 4320 12
(2,4−1, 8) 8A C20 8 6480 8
(1−1, 2, 5) 10A C25 10 5184 10
(1,2−1, 3−1, 4, 6) 12C C24 12 4320 12
Table 6: Various notations for irreducible representa-
tions of W (E6)
This paper [Fra51] [CCN+85] [Car93]
V1 1p χ1 φ1,0
V6 6p χ4 φ6,1
V15,1 15p χ7 φ15,5
V15,2 15q χ8 φ15,4
V20 20p χ9 φ20,2
V24 24p χ10 φ24,6
V30 30p χ11 φ30,3
V60 60p χ18 φ60,5
V64 64p χ19 φ64,4
V81 81p χ20 φ81,6
V ′
1
1n φ1,36
V ′
6
6n φ6,25
V ′
15,1
15n φ15,17
V ′
15,2
15m φ15,16
V ′
20
20n φ20,20
V ′
24
24n φ24,12
V ′
30
30n φ30,15
V ′
60
60n φ60,11
V ′
64
64n φ64,13
V ′
81
81n φ81,10
U10 10s χ2 +χ3 φ10,9
U20 20s χ5 +χ6 φ20,10
U60 60s χ12 +χ13 φ60,8
U80 80s χ14 +χ15 φ80,7
U90 90s χ16 +χ17 φ90,8
1
1
Table 7: Character table of W (E6). See text for notation.
Class c V1 V6 V15,1 V15,2 V20 V24 V30 V60 V64 V81 U10 U20 U60 U80 U90
(16) 1 6 15 15 20 24 30 60 64 81 10 20 60 80 90
(12, 22) 1 2 −1 3 4 0 2 4 0 −3 2 −4 4 0 −6
(1−2, 24) 1 −2 −1 7 4 8 −10 −4 0 9 −6 4 12 −16 −6
(13, 3) 1 3 3 0 5 0 3 −3 4 0 −2 2 −6 −4 0
(1−3, 33) 1 −3 6 −3 2 6 3 6 −8 0 1 −7 −3 −10 9
(32) 1 0 0 3 −1 3 3 −3 −2 0 4 2 0 2 0
(12, 2−2, 42) 1 2 3 −1 0 0 −2 0 0 −3 2 4 4 0 2
(2,4) 1 0 −1 1 0 0 0 0 0 −1 −2 0 0 0 2
(1,5) 1 1 0 0 0 −1 0 0 −1 1 0 0 0 0 0
(1,2,3−1, 6) 1 1 −1 −2 1 2 −1 −1 0 0 0 −2 0 2 0
(1−1, 22, 3) 1 −1 −1 0 1 0 −1 1 0 0 2 2 −2 0 0
(1−2, 2, 6) 1 −2 2 1 1 −1 −1 −1 0 0 0 −2 0 2 0
(1,2−2, 3−1, 62) 1 1 2 1 −2 2 −1 2 0 0 −3 1 −3 2 −3
(3−1, 9) 1 0 0 0 −1 0 0 0 1 0 1 −1 0 −1 0
(1−1, 2, 3,4−1, 6−1, 12) 1 −1 0 −1 0 0 1 0 0 0 −1 1 1 0 −1
(14, 2) 1 4 5 5 10 4 10 10 16 9
(23) 1 0 −3 1 2 4 −2 2 0 −3
(12, 4) 1 2 1 −1 2 0 0 −2 0 −1
(1−2, 22, 4) 1 −2 1 3 2 0 −4 −2 0 3
(1,2,3) 1 1 −1 2 1 −2 1 1 −2 0
(1−2, 2, 32) 1 −2 2 −1 1 1 1 1 −2 0
(6) 1 0 0 1 −1 1 1 −1 0 0
(2,4−1, 8) 1 0 −1 −1 0 0 0 0 0 1
(1−1, 2, 5) 1 −1 0 0 0 −1 0 0 1 −1
(1,2−1, 3−1, 4, 6) 1 1 1 0 −1 0 −1 1 0 0
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